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On Quantum Master Equation and its application to driven
dissipative two-level systems.

Pritish Karmakar *#

Indian Institute of Science Education & Research Kolkata ,
West Bengal, India 741246,

Abstract

This report begins with discussing the evolution of open quantum systems and corresponding Quantum
Master Equation (QME). The main emphasis is given to the Fluctuation Regulated Quantum Master Equation
(FRQME) and its applications on the dynamics of driven dissipative two-level systems (TLS) and quantum
optimal control of that TLS. I have also presented the results of numerical simulations for the solutions of the
FRQME in the report.
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1 Introduction

Open quantum system deals with the system which interacts with the environment or thermal reservoir,
unlike the closed system which is completely isolated from the environmental interactions. A typical open
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quantum system is modeled by the Hamiltonian
H:H;@]l—l—]l@H%—‘rHSR

where Hg, HF, are the static Hamiltonian of system and reservoir respectively and Hgg is Hamiltonian corre-
sponding to the interaction between system and reservoir (see figure 1). From the quantum mechanics we know

Environment

HY, €-f--=-====-
Interaction

Hgpr

Figure 1: Schematic diagram of typical open quantum system.

that a closed system is evolved under unitary transformation, but in case of open system, if we look particularly
the evolution of the subsystem of the total open system, it in general, is not dictated by unitary evolution. In
the later section we will discuss the Quantum Master Equation, which describe the evolution of the system.

2 Theory on Quantum Master Equation (QME).

We will start with the microscopic derivation of Quantum master equation and briefly discuss about the
Fluctuation regulated quantum master equation. We will not discuss the operator sum representation of quan-
tum master equation here. Readers are requested to refer [3] or for a brief and concise discussion refer the
previous term project report here.

2.1 Microscopic derivation of QME
Let our open quantum system can be described by the Hamiltonian,

H=Hi®1+1®H)+ Hsp = HS+ HS, + Hsp @2.1)

where H¢g, Hy, denote the static Hamiltonian of system and bath, respectively and Hgr denotes system-bath
coupling Hamiltonian. And the corresponding Von-Neumann equation is

pr(t) = —i[Hr(t), pr(t)] 2.2)
We denote density operator of total system as
PT = ps ® pr (2.3)

where pg and pg denote the density operator of system and bath, respectively. We mostly work on interaction
picture, so for a operator O in Hiesenberg picture, in interaction picture it is

O(t) = e HEHHRIL QeI HE+HR)L. 2.4)

and

pr(t) = e HTHR b (1)~ (HS+HHR)L 2.5)
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With this, the equation of motion is

pr(t) = —i[Hsr(t), pr(t)] (2.6)
pr(t') = pr(t) =i | dt[Hsr(tr), pr(t)] 2.7)
t
Iterating repeatedly, we get
t+6t ~
prt+50 =pr(t) =i [ dnalsn(t).pr(tr) 28)
t

t+6t -
pr(t+0t) = pr(t) —i / dt1[Hsr(t1), pr(t)]
t+0t ' ty ~ ~
—/ dt1/ dto[Hsr(t1), [Hsr(t2), pr(t2)]] 2.9
' t+t§t ~
pr(t+8t) = pr(t) — i / dty[Hsn(t), pr ()]

5t t _ ~
- / it / dto[Fsn(ty), [Hsn(ts), pr(®)] + O(H2 ) (2.10)
t t
Following [1],[2] and [3] we will take couple of approximations and steps, as follows:

a. Weak coupling approximation
In this approximation we neglect the term of O(H32 ;) due to weak coupling strength, i.e.,

t+5t ~
pr(t+0t) = pr(t) —i / dt1[Hsr(t1), pr(t)]
t+0t ' ty ~ ~
- / dt, / dba[sn(ty), [Hsn(t), pr (1)) @.11)
' t+t6t ~
ps(t + 0t) = pg(t) —i/ dt, Trp[Hsr(t1), pr(t)]

t+5t t1 5 -
- / it / dts T [ Hsr (), [Hsr(t), pr(0)] 2.12)
t t

b. Born-Markov approximation
Assuming the weak coupling strength, the system-bath correlation time 7 is sufficiently small. We consider
pr(t) = Trg(pr(t)) does not evolve over the 0t interval coarse-grained time scale, i.e.,

Pr(t+6t) = pr(t) for &t > 7. (2.13)

We also consider the fact that §¢t < 7, where 7, is the timescale of the system. Finally the coarse-grain time
interval is as follows:

T, < 8t < T (2.14)

Let us define correlation density operator peoprel as,

Peorre(t) = pr(t) — Tra(pr(t) ® Trs(pr(t) = pr(t) — ps(t) ® pr(t) 2.15)



Let us assume that at ¢ = 0, Hgp is just turned on. So just before ¢ = 0, let
pr(0) = ps(0) ® pr(0)
ﬁcorrel (0) =0
Now after ¢ time, keeping (2.14) and (2.13) in mind,
pr(6t) ~ ps(6t) © pr(3t) = ps(0) © pr(61)
ﬁcorre(dt) ~ ﬁS(O) ® (ﬁR((st) - ﬁR(O)) ~0
Taking slightly stronger approximation, for a finite time ¢t = ndt,
ﬁcorre (t) = ﬁcorre(nét) = ﬁcorre((n - 1)5t) == ﬁcorre (5t) =0
Pr(t) = pr(ndt) = pr(0) = pg
which allow us to write the total density operator as
pr(t) = ps(t) ® pg-
The p can be taken as canonical thermal equilibrium density operator, i.e,
1 H?
eq _ — _ R
Pr =7 eXp( ka>

Pr =rr as [Hg,pg] =0

c. Expression of coupling Hamiltonian.
We take the coupling Hamiltonian to be

Hsp =Y A;®B;
Hsp(t) =Y A;(t) @ By(t)
Then
t+0t
st =pst) =i [ dnldj(n). ps(o) To(B;(05%)
t4+6t ' t1 _ ~
- /f ity /t dts Trn [ Hsn(ty), [Hsn(ts), (0]

We can always choose Hsp such that (B;) = Tr(B;p5Y) = Tr (EJ (t)ﬁig) = 0, then

t+6t t ~ B
ps(t+6t) = ps(t) — /t dt, /t dtz Trp[Hgr(t), [Hsr(t2), pr(t)]]

ot ot
1 t+5t

——5 [ / dty Tra[Bsr(t), [Hsr(t), pr(0)]

(2.16)
(2.17)

(2.18)
(2.19)

(2.20)
2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



d. Change of integrand variables

Change the variables as

tlv t2)

) where 7 =11 —to

t+6t t1 ot t+5t
/ dtl/ dta —)/ dT/

Considering 7 > 7, has negligible contribution we can approximate the integral limit as (see Figure 2)

5t 6t 5t t+6t 00 46t
/ dT/ dt; :z/ dT/ dty z/ dT/ dtq
0 t 0 t

Following that

(a) f§td ft«HSt dt

Figure 2: Figure shows the corresponding domain of the integration.
T = 7. has most significant contribution. With increase of 7, the contribution decrease rapidly.

ot

By cyclic property of Trace and [Hp,, p

gin(r) = T (B; (0 Bty = )it ) = Tr(B,(7) Bu(0)

t+ 4t

(b) f5td ft+§t dt

%] = 0, one can show that

)

t+ ot

(C) foood ft+5t dt

~ [e%) t+0t
6&(1&) = —/ dr%/ dty Trp[Hsr(th), [Hsr(tr — 7), pr(t)]]

t+0t
/ dT— / dtl

— [A(t1), ps () Ap(ty — 7)) Tr (ékm ~7)Bj(t)

to

(2.30)

2.31)

(2.32)

Darkest shade in between 7 = 0 and

(2.33)

(2.34)

(2.35)

gri(—7) = Te(Bilta = 7)Bj(1)55) = Te(Bu(=7)B; (0)55 ) = Te(B(0)B(r)i ) = gji(r) (236)



which leads
5 ~ [} 1 t+4dt N 5 ~
By == [ g [ dn (A 0). Al = )i (0)

+ g (M)A (t1), ps (t) Aty — T)]). (2.37)

This is a form of quantum master equation.

e. Spectral decomposition & Secular time approximation
We proceed by spectral decomposition of A, (¢;) in the energy eigenbasis of the system i.e., {|n) } with energy
eigenvalue of |n) be E,, = w,, and we get

Aj(ty) =) {mlA;(t1)|n) [m){n|

= Z e~ nmt (m|Aj|n) Im)n|, where Wy = Wy, — Wi,

m,n

= Z e_i‘”m”tA;m"n) |mMn|, where A;m’") = (m|A;|n)

_ Ze—iwt( Z A§m,n) |m><n‘)
w S o =0
=Y et A (w), where Aj(w) Y AV jm)nl. (2.38)

S, Wym =w

As A; is Hermitian, we can write

Aj(t) =D e A (w) =Y et Al(w) (2.39)

Now putting these expressions in the expression (2.37)
5 ~ [e’s) 1 t+o0t ~ 5 _
L) =~ [ arg [ dn (g4 0). Aty — D)s(0)] - hc.)
ot 0 ot J,

_ o0 l t+5t ' iwtl T —’iw/(tl—T) N~
— Z chSt dty (gjn (1) [ Al(w), e An(@)ps()]) + hec.
w,w’ 0 t

o0 S, [ttt o )
= — Z/O dr gjk(T)elw T E/ dty e iw —w)ts [A; (w)7Ak(w,)ps(t)] L he
w’ t

Cjr(w’)

1 t+5t o,
== 7 D) [A} @), Ar(@)Bs ()] (5 /t dty 77N ) 4 e, (2.40)

From the above, we see t1-dependant terms of the integrand in eq (2.37) are of the form e—iw'—w)ti The
local time-average of terms like e (< ~«)*1 jg
t4dt : I
1 i@t Z gilw—w)t gi(w—w)st/2 sin((w — w')dt/2) 2.41)
ot Jy (w—w)ot/2
N et i Jw — |6t < 1
“ o, if lw —w'| 6t > 1.

(2.42)



This is secular time approximation. We denote it as

! o=t i w— |6t < 1
(ez(w—w )t) _ € ) 1 , ‘w w | < (2.43)
sec 0, if |w—w|d0t>1.

When considering of the secular approximation, we can get rid of time variable ¢, and the the QME is repre-
sented as

0p e - - ~
2o() = - / ar (g (T (0), Ak (t = 7)s (O)ee — B (2.44)
0
= = 7 Tle) [AF@), An@)ps(®)] (™) +hue. (2.45)
If we work with single frequency w and w = w’, then the above QME is nicely written as

dps

5 (1) = ~Tja(w) [A)(), Ak(@)ps(0)] + T5() [4; (@), ps(1) AL )] (2.46)

o QME in Schrodinger picture:

The expression of QME discussed before is in interaction picture. In Schrodinger picture,

ps(t) = e 5t pp(t)et st (2.47)
Then !
dps(t o o1 0ps(t) po
5t< ) _ —z[HSt,ps(t)] Te Hgt 5t< )6 Hgt
= —i[H3t, ps(t)] — / dr (gjk(r)[Aj,e—iH%fAkeiHéfps(t)}sec - h.c.) (2.48)
0

e QME in Liouville Space:

Let the density operator pg represented as column vector form in Liouville space be ||pg)) (For more about
this, see Appendix A). Using the identity A.4 the QME (2.45) is written as

D155 (1) = = 30 Tyele) (4477 [ANw), Au@)ps (D)) + he

sec

= £()[lps(t))) (2.49)

where £ is called the Lindbladian, and the expression of the Lindbladian is

2(t) = = > {rip(e) () (Af@)anw) @ 1 - Ajw) ® AL ()

- ij (w') (efi(wfw')t>

For further extension and modification of the QME in the later sections, we will primarily follow the
microscopic derivation as it give more physical understanding about the system.

sec

(A; () ® Aj(w') — 1 ® AT (w) 45 (w')) } (2.50)

sec

! Considering (ﬁ'fit(t) behaves same as dp%t(t).



2.2 QME with external drive
In a type of problems where there is external drive on the system, the Hamiltonian is
H=Hi®1+1®Hj,+Hsg+ Hp(t)®1=H+ Hy, + Hsr + Hp(t) (2.51)
where Hp (t) denotes Hamiltonian corresponding external drive. Let Heg(t) = Hggr + Hp(t), then
H = H + Hj + He(1) (2.52)

Then analogous to the eq (2.12), we have

4+t .
ps(t+dt) = ps(t) — z/ dt1 Trr[Hese(t1), pr(t)]

t+0t t1 - N
— / dtl / dtg TrR[Heff(tl)7 [Heff (t2), [~7T (t)“ (253)
t t
55 . t+4dt B
%(t) - fé /t dty Trp[Her(t1), pr(t)]
1 t+0t t1 ~ _
5 [ dn [ deTeal (), en(t2) pr (0] (2.5
t t

Using the fact that (B;) = Tr (éj(t) p%q) = 0 and following the similar prescription shown before, one can
show that

- i [t ~
%(ﬁ) = —&/t' dtl[HD(tl)aﬁS(t)]
/oo 1 [ttt ~ B ~
— A dTE/t dt\[Hp(t1), [Hp(t1 — 1), ps(t)]]

oo 1 t46t ~ ~
— / dTE / dtl T‘I'R[HSR(t]_), [HSR<t2), ﬁT(t)]] (255)
0 t

%(t) = —i[Hp(t), ps(t)]sec — /OOO dr[Hp(t), [Hp(t — 7). ps(t)])sec

= / ar (g (T)[A; (), Akt = 75 (O)ee — B (2.56)
0
Now using the prescription given before, one can easily write the equation in Lindbladian form.
e A second approach:

Analogous to the (2.8),

t+5t ~
ps(t+6t) = pst) —i [ dt Tealla(tr), pr(ta) 2.57)
t
t+5t _
= ps(t) — Z/ dty Trg[Hege(t1), U (1, 1) pr (YU (£, )] (2.58)
t
where
ty
Ulty,t) :Texp(—i / dtQﬁeff(t2)> (2.59)
t



In interaction picture, we know

d -
EU(tl, t) = —iHe(t1)U (t1, 1) (2.60)
t1
Ulty,t) =1 — z/ dto He(ts) U(ta,t) (2.61)
t
ty
1 / dts Harlts) + O(H2) 2.62)
t

and putting this expression in (2.58) we get

46t .
ps(t+ot) = ps(t) — Z/ dty Trg[Hee(t1), pr(t)]
¢
46t t . )
- / dty / dto Trr[Hefe(t1), Hefr(t2) pr(t)]
¢ ¢

t+0t ~ ~
_ / dt, / dty Trp[Har(tr), pr(t2) e ()] + O(AZ) 2.63)
t t

which leads to the same expression as (2.54).

2.3 Fluctuation Regulated Quantum Master Equation (FRQME)

In most practical cases environmental fluctuations present in open quantum system. Here, we will follow
the prescription given in [4]. In this problem, the total Hamiltonian is

H=H¢@1+1QHy+Hsp+Hp®1+1Q@Hr=Hg+ Hy+ Hsp+ Hp + Hy (2.64)

where H; denotes stochastic Hamiltonian corresponding to local environmental fluctuations. We define H;
as

ng ) |5 )b, (2.65)

where {|¢;)} is the eigenbasis of Hj, with eigen values {¢;}, and f;(¢)’s are independent, Gaussian, J-
correlated white noises with

fit)=0 (2.66)
Fi(s)fe(t) = K2 6(s — t) 6,1 (2.67)

To get the QME for this case, we follow the second approach in the previous section so that we can incorporate
the effect of the environmental fluctuation and look from the perspective of ensemble average of the dynamical
evolution. The concerned time-scale of the problem is that of (2.14). Let

V(t) = Hete(t) + Hot(t) = Hsr + Hp(t) + Ha(t) (2.68)
Analogous to the (2.58),
t+ot -
B+ 01) = pot) — i / dt Tra[V (t), pr(t)] (2.69)
t
t+ot N N
= ps(t) — Z/ dt1 Trg[He (1), pr(t1)],  as [Hg, pr] =0 (2.70)
t
t+6t N
= ps(t) — z/ dty Trr[Hegs(t1), U(t1, £)pr (0)UT (t1,1)] (2.71)
t



where
ty _
U(tl, t) = Texp(—i/ dth(tg))
t

= iU(tl,t) = —iV(t1)U(t1,t)
dt,

t1 ~
= U(tl,t):]lf’é/ dts V(tg) U(tg,t)
t
=1 —i [ dty Hy(ts) Ulta,t) —i / dty Hei(t2) Ult, t)
t t

t1 _
=Ug(t1,t) — z/ dty Hesr(t2) Ulta, t)
t

where

t1 N t1 N
Usi(t1,1) = Texp (—z‘ / dtgHst(tz)) = Ut ) =1 —i / ity Hog(t2) Usi(t2, )
t t

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

2.77)

Moreover, we know timescale of the noises is far less than that of He and (ta —t) < 0t < 74, which follows

to ~ to -
U(tg, t) = Texp (Z/ dth(t3)) =~ Texp (Z/ dtgHst(tii)) = Ust(tg, t)
t t

Incorporating all the trickery steps we finally get

ty
U(t1,t) = Use(ts,t) — Z/ dty Hegi(t2) Ust(ta, t).
¢

and putting it in (2.71) we get

t46t ~
Ps(t -+ 6t) = ps(t) — i / dty Tl e (t1), Uut (1, )7 (DU (11, 1)
t

t+0t t1 5 _
—/ dtl/ dby Trr[Hefe(t1), Hetr(ta)Ust (to, t)pr (£) UL (t1,1)]
t t

t+0t - B N
+ / dty / dty Tr g B (t1), Use (1, ) (0)U (b2, ) Fan ()] + O(H)
t t

But we are interested in ensemble average of the evolution of the density operator, which means

t+ot ~
ps(t+ o0t) = ps(t) — Z/ dty Trg[Her(tr), Ust (b1, ) pr () UL, (41, 1)]
t

t+0t N ~
- / dt, / dts Tr g [ Her(tr), Hasr(t2)Ust (2, )0 () U (1, 1)
t t

t+0t N -
+ / dt, / dto Tr g [Hee(t1), Usy (t1, 1) pr(£) UL, (t2, 1) Hege(t2)]
t t

Now we need to find the ensemble average of those quantities.

Utz e (UL (11,1) = ®Z 1605 exp(( / dtafy (1)

2
— exp (—Z(tl - tg)) pr(t) using (C.13)

10

(2.78)

2.79)

(2.80)

(2.81)

(2.82)

(2.83)



Similarly,

Ualt1, 0 (OU 12, 0) = exp =5 (0 = 12)) 1), Vet 02 (00 11.0) = ()

Finally putting this in (2.82) and identifying 2/x? as 7. (correlation time), we obtain
t+5t R
ps(t +dt) = ps(t) — l/ dty Trp[Her(t1), pr(t)]
t
t+dt t1 _ 5
— / dty / dty Trr[Hesr(t1), Hete(t2) pr(t)]
t t

t+ot th 3 } P
—/ dtl/ dto Trp[Hesi(t1), pr(to) Hesi(t)] GXP<—>
t t

Te
Doing the procedure shown multiple times before
05 0) = o0 s~ [ e TenlFn() (e ), 1 0 e~
= —i[Hp(t), ps(t)lsec — /OOO dr[Hp(t), [Hp(t — 1), ps(t)]}sec €7/
_ /Ooo dr Trr[Hsgr(t), [Hsr(t — 1), ps(t) @ p5lsec €7/

we obtain Fluctuation regulated Quantum Master Equation.

3 Applications using FRQME

Application of the QME is diverse. This report is particularly focused on two level system (TLS).

3.1 Driven dissipative TLS

(2.84)

(2.85)

(2.86)

(2.87)

We consider a scenario of a TLS (take spin-1/2 system) in a constant z-magnetic field with a nearly resonat-
ing oscillatory perturbative drive (z-magnetic field). Here we will reproduce the results in [4] and visualize the
dynamics of the system and concerned observable. The different quantities of the Hamiltonian are as follows

Hg‘ = wOIza
Hp = 2w cos(wt)I, with w = wy,

Hsrp =wsr(I+R-+I_Ry + I.R.)

Let w — wg = dw and w + wy = 2, then in interaction picture,

HD — eintIz HD e—iwgtfz

_ %eiwoﬂz (eiwt + e—iwt) (I+ n L)e—iwotzz

= wi(Fy (t) + F(1))
where
FC — UL =it _ WIp, e o it
T € € 9 ( +€ + € )
FR — iéwtlzla; —idwtl, — ﬂ I —idwt I idwt
T € € 2 ( +€ + € )

11

3.1)
(3.2)
(3.3)

(3.4)

(3.5)

(3.6)



Our task is to find the evolution of a state with time. The time scale of our problem is

T, K 0t K wl_l,wgé (3.7)
wy b < 0t < dw? (3.8)
which leads
(eiiwt) -0, (eiwlt) =0, (eiiﬂt) =0, (3.9)
sec sec sec
(e:tiéwt) — e:l:iéwt (310)
sec

Calculating first order drive term in the FRQME 2.87 using the secular approximation stated before,

Ip = _i[ﬁD(t)aﬁS(t)]sec

= =i (e 1y ()] + e 1, (1) 3.11)
5 (1) 155 (1) = =i (79 Ly + €% 1) [|5s (1)) (3.12)

The equivalent Lindbladian form is also given where Ity =1, 1-1®1 T (see Appendix A). The second
order drive term is

IIp = - /OOO dT[ﬁD(t)v [ﬁD(t = 7)5 s (t)]]sec e /T

=7 ((T(Q) +T7(0w)) [y, s ps(0)]] + (T(Q) + T(6w)) [, [T+, ps ()]

+T(0w) €™ Iy, [Lt, ps (D] + T (0w) e [1, [1_, ﬁs(t)ﬂ)

2 ~ ~ ~ ~
e 1) [1ps (1)) = *% ((F(Q) + I (6w)) LI + (I (Q) + T'(6w)) 11
+D(6w) €209 [ [\ 4 T* (dw) ei20t f_f_) 155 () (3.13)
where
I'(v) = /OOO dre?teT/Te = . _T;/TC =T*(-v) (3.14)

Now we have to calculate the second order coupling term. The Hamiltonian in interaction picture is
Hsp = wsp(e™'I,R_+e “'I_R,_+I.R.) (3.15)

Following the prescription given in [6], and neglecting the Lamb-shift Hamiltonian we get

IIsr = —/ dTT‘I‘R[ﬁSR(t), [ﬁSR(t — 7')7ﬁ5,(t) ® ﬁ?{q]]sec e—‘r/Tc
0
1 o o 1 . B
o) (0 12) - ) (M1 - 1751
1
4 —~eq ~eq
3(0) (375 — L1

Sonlps(t)) = (740

~

5 (- @l+1ell 20 ©l)
K(WO

~—

_|_

(I I, @1+1@1. 1, —2[, ®1I)

2
+@(1®1 — 4L @ L)) 15s()) (3.16)
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where J(wyp), K (wp) and j(0) are some constants. Combining all the quantities, our FRQME for the problem
is

2 lIps(0)) = (£ + £5(1) + Lsm) 175 (1)) (3.17)

Taking different initial states and solving FRQME numerically by 4th order Runge-Kutta (RK4) we visualize
the trajectory of the state in Bloch sphere in figure 3.

() [4(0)) = 2 |z, +) + £ [2,+)

@) [1(0)) = |z,+) © [9(0)) = 2 |z, +) + 2 |2, +) () [4(0)) = |z, +)

Figure 3: Figure shows the trajectory for different initial states ps(0) = |1(0))}t(0)]. The values of different
parameters are wy = 200m MHz, w; = 207 KHz, 77 = 10 ms, 75 = 0.2 ms, 7. = 0.1 us. For figure 3a, 3b
and 3c the dw = 0, but for figure 3d, 3e and 3f the dw = 107 KHz.

Now we are interested in looking the observable I, I, and I, (magnetic moments). As mentioned in
[4], heterodyne detection followed by low-pass filter is equivalent to measuring in co-rotating frame with w
frequency. So the observables I, we want to measure in co-rotating frame are as follows,

Mo (t) = (e7 ™I, e™ ) = Tr(e ™I, e™ = pg(t)) = Tr(FE(t)ps(t)) (3.18)
Now
4 (t) = Tr( ps(t) iFR(t) + Tr( FE(t) P (t) (3.19)

Following [6] we get the differential equations,

d M, —1e — 1/Th dw — dwe 0 M, 1 0
T My | = | bwe —dwr —dw —ny — 1/ —wy My | + T 0 (3.20)
Mz 0 w1 —’I]z—l/Tl Mz 1 MO
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where

1/ wiQr? w?éwr? 1/ Wit
e = (02 ) g bt L ety
2\1+4 Q272 1+ dw?72 2\1+4 Q272
_ 1( w%rc ) w%TC _ wac w%ro
W=\ arr2) T v ez T 1422 T 1+ sw2r?
1 1 1 .
— = J(wo) + K(wo), 7 = 5(J(wo) + K(wo) + j(0)), (3.21)
Tl T1 2

the constants 77, T5 are the relaxation times and M is equilibrium magnetic moment.

Taking different initial magnetic moments and solving the above coupled differential equation by RK4, we
plot the variation of observables in the figure 4. Note that the value of M is taken as zero as after very long
time, our final state will approach to maximally mixed state i.e., pg(t — oc0) = %]l due to decoherence.

o o V\/V\N\NVWWV\/\N\,W\AM_\M
s 00 T e < 001

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040

S 0.0 JV\N\N\NV\N\/\N\/V\N\AWWW‘VV S 0.0 \N\/\/\/VV\/\/VVVV\N\N\ANWV\AAMIW-———
5 T T T T T T T T T T T T T T T T T T
0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040 0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040

05 05
s 00 V\/\N\N\N\N\/WW\AN\MNW”‘“WN—‘ S 0.0 VWV\/\/\/\/\/\,\,\,\,\M,\NVWWAWAM——
0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040 0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040
t(s) t(s)

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040

(@) M(0) = (0,0,0.5) (b) M(0) = (0.5,0,0)

Figure 4: Variation of observable M, M, and M, with time for different initial magnetic moments M (0) =
(M(0), M, (0), M.(0)). The values of different parameters are wy = 200 MHz, w; = 207 KHz, dw
10m KHz, 77 = 50ms, 75 = 1 ms, 7. = 0.1 us, My = 0.

3.2 Maximum fidelity drive strength

Fidelity is a measure of the ‘distance’ between two operator in a Liouville space. Let o and p be two
operator in Liouville space then the fidelity in between them is defined as

F(o,p) = (Tr \ /ﬁaﬁ)z (3.22)

In this section we want to find the optimum drive strength w; for which we can achieve the maximum
fidelity between the the final state and desired target state. We start from the state |z, +) and drive the system
by ~ 7/2 pulse (not exactly 7 /2, but slightly more than that) of varying strength w; and find the maximum
fidelity between the final state evolved by the FRQME and target state |z, —) for each strength w; and plot it in
the figure 5.We see that initially in lower frequency the fidelity is rising as the first order drive term is dominant
over the other two but, in higher frequency the second order drive term and the coupling term dominate which
leads to the net decrease in fidelity. In between this, we achieve the optimal strength. We also see that with
increase the correlation time 7, the plot decays faster as the extent of environment fluctuation effect increases.
Another observation is that the plot is not significantly changing with the change of wy. These are the notable
observations.
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Figure 5: Figures show the variation of fidelity with strength w;. For the figure 5a, we do not consider coupling
Hamiltonian of FRQME during calculation but in 5b we have the full FRQME. Optimal strength w, is shown by
the vertical line in both plot. Figure Sc and 5d show the variation of plot for two different 7, and two different
wy, respectively. Primary values of the parameters are wy = 200mr MHz, wy = 20m KHz, w = 10rKHz, T} =
10ms, 75 = 0.2 ms, 7. = 0.01 us.

3.3 Quantum optimal control of spin-1/2 system

In the previous section, we discussed how controlling the drive strength can achieve high fidelity. However,
in that scenario, the number of control parameters is very limited, as we can only adjust the drive strength and
not its direction. In this section we desire to get maximum fidelity within a fixed time window. To attain higher
fidelity, we will vary the direction of the drive throughout its evolution in the given time window in a optimal
way. Here, we will discuss how we can achieve this by following the Gradient Ascent Pulse Engineering (or
GRAPE) algorithm. For the GRAPE algorithm, we follow the method outlined in [7] and [8], and apply that
to our driven dissipative system of spin-1/2. In this case our drive Hamiltonian is parameterized by two control
parameter w, and wy, as follows

Hp (tlwg, wy) = 2wy cos(wt) I, + 2w, cos(wt)I, (3.23)
which allow us to change the direction of the drive. In interaction picture,
Hp(t) = wa(FE () + FE(E)) + wy (FS () + FE ()

1 , _ . .
=5 (w;; G T, 4w e I T g e [ 4wy el I_) (3.24)
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where wg = w; + % w,. Using this, the first and second order drive term of the FRQME in Lindbladian form
are,

e® ) = 7% (w; eIt |y et f_) (3.25)
1 A A A A
28 (t) = = (lwal® (0(Q) + T (0w)) L1 + fwaf* (T*(9) +T(6w)) -1

+ WP T(0w) e 20 [ T, + w? T*(fw) e/ f,I:) (3.26)

and the coupled term £ is same as before. Let us define £p(t) = Sg) (t) +£(3> (t) which is controled by the
control parameter w, and w,. To get the maximum fidelity we will vary the w,, and w,, throughout its evolution
as stated before. Then the FRQME and its solution is given by

2 1I3s(®)) = (Ep(thoa(®) + L5) 175(1) G27)

13s(£)) = T exp ( / dty (Sp(tfwaty)) + sSR)) 155 (O))) (3.28)

Although we will not vary wgy(t) continuously as it is not feasible for numerical calculation or experimental
purpose. We divide the time window (say from 0 to T') in N equal sub-window of length 7'/N, and will keep
the value of w,4(t) constant in each sub-window. Let wy(n) be the complex drive frequency which is constant
in the nth subwindow, i.e. from (n — 1)T'/N to nT'/N. Then the solution of the FRQME is modified to

N

16s(t))) =T exp (Z

n=1

nT/N
/ dty (Ep(t1|wa(n)) + 25R)> 1ps(0))) (3.29)
(n—1)T/N

Our task is to optimize the set of parameters {w4(n)}, such that fidelity F(ps(0), o) is maximum, where o is
the target state.
The optimization of {wg(n)} by GRAPE algorithm is in a loop as follows:

[Guess the initial {wd(n)}J

YES | Is the infidelity (1 — F(pg(0),0))
Exit Lo .
within the given tolerance ?

NO

Update the parameter :

wz(n) — wy(n) + e%

wy(n) — wy(n) + €52
(e 1s step size)

The key step of the GRAPE algorithm is the updating the parameter and calculating the gradient of fidelity
{857}?”), awaifzn)}. The numerical implementation of this algorithm for our problem has not been completed
due to time constraint.

4 Conclusions

I have presented a brief overview of dynamics of open quantum systems, the Quantum Master Equation,
the Fluctuation Regulated Quantum Master Equation and showed the dynamics of the driven dissipative TLS
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through numerical simulation of FRQME and infer from the simulation plots. We gave a brief introduction
to the quantum optimal control over the specified system. I hope this report serves as a foundation for further
studies in understanding the complex dynamics of open quantum systems.
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Appendices

A Liouvillean formalism

Here we will very briefly discuss about Liouville space, density matrix in Liouville space and some prop-
erties required for the report. For detailed explanation, readers are requested to refer to [S]. As we know that a
pure state can be represented as a element (Cket’ state) of a Hilbert space (7). But a mixed state being *weighted
average’ of multiple ket states, cannot be represented as an single element of Hilbert space. Here comes the
Liouville space. A Liouville space (£) is a inner product space in which all the operators of a Hilbert space
(H) reside. So for any |¢)) , |¢) € H, the operator

0=>"|o)}v| € L. (A1)

R

17


https://ocw.mit.edu/courses/22-51-quantum-theory-of-radiation-interactions-fall-2012/pages/lecture-notes/
https://ocw.mit.edu/courses/22-51-quantum-theory-of-radiation-interactions-fall-2012/pages/lecture-notes/

Sometimes the elements of Liouville space be represented in a column vector form

10) =D le) @ |v)" (A2)
LR
For a 1-qubit state, it is

P11

P11 P12 P12
= — = A.3
P <P21 022) Hp>> P21 &-3)

P22

Now the following identity we will discuss, is very important and frequently utilized. For operators A, B, C €
L, the column vector form of ABC' € L i.e., ||ABC)) is written as

IABC)) = (A2 CT)[B)). (A4)
Using this identity, we can write the Von-Neumann equation for ||p)),

plt) = —ilH (1), p(0) (AS5)

= ~ill(H®)p(t) = o) H(D))))

= —i(IIH(®p(t)) ~ 1o H®)) )

——i(H® @1 =12 ")) lIpt) (A6)
So we can write any commutator of the form

IH @), () = H(E) lo(1))) (A7)

where H (t) is called the superoperator (in this context its Lindbladian) with

Ht)=Ht) @1 -1 H(t). (A.8)
Now we look for the solution of the following equation

1)) (t) = H(#)|1p(t))) (A9)

which is

lp(t))) =T exp (/O ds H(S)) [1p(0))) (A.10)

B Time ordering operator

Often we encounter the unitary propagator of a system with Hamiltonian H, in the form of

T
U(T,To) =T exp (z/ ' dtlH(t1)> (B.1)

T;
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where T’ is a time ordering operator. A time ordering operator operates on Hamiltonian as follows:
T(H(tr )H(try) ... H(tz,)) = H(t1)H(t2) ... H(tn) (B.2)
where 7 is any permutation of {1,2,...,n} and t; >t > --- > t,,. For example, if ¢; > to,
T(H(t1)H(t2)) = T(H(t2)H(t1)) = H(t1)H(t2) (B.3)

As {1,2,...,n} can be permuted in n! different ways, there are n! ways one can get the same result. We do
not consider the cases when any two times become equal i.e., ¢; = t;, as they form measure-zero set. Now to
justify the expression of unitary propagator, take two cases:

Case 1: H(t) does not commutes each other for different t.

Then
Ty
U(Tf,rfi) =T exp| —¢ dt1H(t1)
T;
> (_Z)n T; T;
—1+) ~——T < dty - | dt,H(ty)... H(tn)> (B.4)
n!
n=1 Ty Ty
And by the fact that there are n! different set of values of {¢1,...,%,} for which we get the same result of

T(H(ty)...H(t,)), one can show that

Ti Ti Ti ty1 tn—1
T( dty - dth(tl)...H(tn)>:n! / ity [ty / At H(t) .. H(t,)  (B.S)

Ty Ty Ty Ty Ty

using the result,

e o] T; t1 tn—1
Uy, T) = 1 + Z(—i)”/ ity [ dts / dtnH(t) . H(t) (B.6)
n=1

Ty Ty Ty
we recover the Dyson series.

Case 2: H(t) commutes each other for different t.
This means H (tr, )H (tr,) ... H(tr,) = H(t1)H(t2) ... H(t,). For any {¢,...,t,}, we have

T(H(t)H(ts) ... H(tn)) = H(t)H(ts) ... H(ty) (B.7)

this follows

U(Ty,Ti) =T exp <—i TTf dtlH(t1)>
=1+ i (_i,)n /T dt H(ty) /T dt, H(t,)
et v JTy Ty
=1+ i (_i,)n (/T dtlH(t1)> : = exp <—i /Tf dtlH(t1)> (B.8)
ol T -
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C Kubo cumulant expansion

Kubo cumulant expansion is a very useful mathematical tool when we work with Hamiltonian having a
stochastic part. Consider as an example our Hamiltonian described in the hilbert space H be

H = H°(t) + Ha(t) (C.1)

where H°, H4; be the non-stochastic and stochastic part of the Hamiltonian. The propagator in this case is

t
Uty =T exp(—z' / dtlH(tl)). C2)
0
Starting with a state [¢)(0)) € H, in a later time the state will be

[9(8)) = U(#)[¢(0)) (C3)

Due to the presence of stochastic term in Hamiltonian, the final state will have a probability distribution in
Hilbert space (there is no certainty that the initial state will reach to a particular final state with unit probability).
But we are interested in the ’statistical ensemble average’ of the final states. To get the ensemble average of
final state i.e., [1)(t)), we have to take the ensemble average of the propagator such that,

[ih(t)) = U(t) [4(0)) (C4)
Let,

t
U(t) =T exp (—i / dtlH(tl)) = ek (C.5)
0

Now look at the RHS of the above expression. We first do Taylor series expansion of the function k(¢) around
t = 0, then we put that into the expression in RHS.

k(t) = Zl (_nz!) knt™, ko=0as U(0) =1 (C.6)
k™ (t)
k() _
e 1+ mzz:l -
=i Z%w(z_:l oot )
=1 —ikyt — %(kg — kDt 4+ O(t?) (C.7)

Now from the expression (B.4), we get

(—n?”T ( /O by /0 t dth(tl)...H(tn)> (C.8)

and comparing above two expressions, we get,

TH-1+3
n=1

t
k= % / dt, H(ty) (C.9)
0

1 t t
ko= T (/0 /O dtydts H(tl)H(tg)) — k2. (C.10)
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and so on. Now writing the ensemble-averaged propagator
L t
0

b1
~ exp{—i/ dtlH(tl) — 5 T / / dt1dt2 (tl tQ / dtl tl } (Cll)
0

This is Kubo cumulant expansion. The advantage of this expansion is that we need to know the average value
and the autocorrelation function of the Hamiltonian.
The integration we will encounter in this report is of the form

N | F@=0
exp (iz /t2 dts f; (t3)> with t; > t9 and {fj(s)f](t) 2 8(s— 1) (C.12)

then using (C.11),

exp(:l:z/ dt3 f](t3)> ~exp{ %/l/ldtgdt4 fj(tg)fj(t4)}
K t1 pt1
{2 /tz /tz dtzdty t3t4)}
K2
2

= exp{ (t1 — tg)} (C.13)
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